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THE S1-TATE SPECTRUM FOR J
BY LARs HESSELHOLT AND IB MADSEN

0. Introduction

0.1 For any compact Lie group G and any G-equivariant spectrum Xq, Green-
lees and May have introduced the Tate spectrum H(G; X), the G-fixed set of
a G-equivariant spectrum denoted t(X¢) in [6]. In this paper we evaluate the
homotopy groups of this construction when G is the circle group and X¢g = Jg,
the S1-equivariant non-connective image of J-spectrum completed at p. When
there is no danger of confusion we will omit the subscribt G and just write J
instead of Jg.

Our interest in the Tate spectrum for J comes in part from the connec-
tion of this construction with the topological cyclic homology theory TC(R, p),
demonstrated in [4] when the ring R is equal to the integers. While we at the
time of writing do not know of any direct interplay between H(S';J) and
the topological cyclic homology theory we do believe that the calculations be-
low will aid the calculation of TC(R, p) for R = Z[v,v™!]. In any event the
Tate spectrum is an interesting construction in its own right, and H(S;J )
' is a non-trivial example. From this point of view one would like to evaluate
ﬁ(G; J) for any compact Lie group G. This seems to be a non-trivial task.
We remark that FI(G; J ) is a rational spectrum when G is a finite group, e.g.
H(CP"; J) = H(Qp[ol’"]s 0) v H(Qp[CP"L _1)'

Let K be p-completion in the sense of [3, ch.IV] of the G-equivariant non-
" connected spectrum which represents equivariant K-theory. We choose an
integer g which generates (Z/p?)* and let Jg be the homotopy fiber of $9 —
1: K¢ — Kg where 99 is the stable Adams operation. There is a map from
the equivariant sphere spectrum Sg into Jg which is a kind of an equivariant
K -theoretic localization (all fixed sets are K-local). In the rest of this paper p
is a fixed odd prime.

We emphasize that Kg denotes the p-completion of the non-connected G-spec-
trum which represents G-equivariant K-theory. Thus Kg and Jg as well as
their underlying non-equivariant spectra are all p-complete.

0.2 The Tate spectrum fits into the norm cofibration, cf. [6], which in our case
takes the form -

N L AN
By g1 — JPST L H(SY; ).

* Since K¢ and hence also Jg are split G-spectra in the sense that the fixed sets
contain the non-equivariant J as a direct factor,

Jpst = JACPS,  JhS' ~ F(CPZ,J)

so the norm cofibration takes a particular simple form. The homotopy types
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216 LARS HESSELHOLT AND IB MADSEN

of these two spectra are given in terms of K-theory, cf. §1, 2 below, so our
calculation thus amounts to evaluating N.

Our main result is the following formula

Q/Z, & 5(Qp) ifn=-1(mod2p—2)andn# -1
m (51 J) = S(Q,) gtherwise when n is odd
D lfn =0
0 if n # 0 is even.

Here §(Q,) = lim (ITses Qp x Hs¢s Z,), the colimit taken over finite sub-
|S{<oo

sets S C N.

0.3 The homotopy groups of the p-completion H(S; J ); can be evaluated from

the formula of [3], recalled in 1.1 below. Let N(Z;) C []52,Z, be the se-

quences which converges to 0 in the p-adic topology, i.e. the profinite comple-

tion of B2y Zy. Then

Z,®[[Z,/N(Zy) ifn=1(mod2p—2)

fst " = ! 112/ N(Zy) otherwise when n is odd
mH(S5 ) =1 7, if n= 0 (mod 2p — 2)
0 otherwise if n is even.

0.4 The term [[ Z,/N(Z,) is not surprising in view of the norm cofibration
since one has (cf. §1, 2 below)

(Jnst)p 2 IV (\/ K),

=
[o 0]
JESY gy 11 =x.

The surprise in 0.3 is the lack of torsion. The homotopy groups indicate that
one might have

A(sy;J), ~ kKl vsxltv (T] =5)/(\/ =K),.
r=0 r=0

We have not so far been able to prove this so we leave it as a conjecture (see
also §5 below). There is a similar conjecture before p-completion which we
leave for the reader to formulate.

0.5 Our main tool for proving 0.2 is a spectral sequence

B2 _ H_S(BSl;th) when s <0
t H,_2(BSY;m:J) whens>2
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which approximates ﬂ(S 1. J). The spectral sequence has non-zero terms in
all quadrants, and in general there are convergence problems in such a situa-
tion. In §3 we examine the convergence. The results are based on an unpub-
lished paper by J.M.Boardman, [1]. We show that the spectral sequence above
converges, but oddly enough that the corresponding spectral sequence with
Fp-coefficients diverges very badly. Nevertheless it is the spectral sequence
with Fp-coefficients, along with the norm cofibration which supply the neces-
sary information for determining N, and for solving the extension problems
to obtain the results above. We are much indebted to Peter May for drawing
our attension to [1], and for warning us of convergence problems.

1. The homotopy fixed points of J

1.1 We begin with a short review of localization, cf. [2].

A spectrum Z is said to be E-local if F(V, Z) ~ * whenever V A E ~ %. Ho-
motopy limits of E-local spectra are again E-local. In particular any product of
FE-local spectra is E-local and if two of the spectrain a cofibration Z — V. — W
are E-local so is the third. If E is a ring spectrum and Z is an E-module spec-
trum then Z is E-local.

The E-localization functor Lg associates to any spectrum V its E-localiza-
tion LgV. It comes with a natural transformation V — LgV such that
EAV — E A LgV is an equivalence and such that F(LgV,Z) — F(V, Z2)
is an equivalence whenever Z is E-local. Furthermore if W is an E-local spec-
trum which satisfies these two conditions then W ~ LgV. The functor Lg
preserves cofibrations and Lg(F AV) ~ F A Lg(V) for any finite complex F.
In particular Lg commutes with finite wedge sums.

Consider first the arithmetic localizations L gog where SO R is a Moore spec-
trum for the ring R. If R C Q is a subring of the rationals then

LgogV =V AS'R=VR,
the spectrum with coefficients in R. The homotopy groups are m (VR) =

m«(V) ® R. When R = Z/p we prefer to write Z/p = ZR. Then,

Lgo/,V =V, =F(87'Q/Z,V)

is the p-completion of V in the sense of [3]. The homotopy groups are given
by the split short exact sequence

0 — Ext(Q/Z,, mV) — 7(V, ) — Hom(Q/Z,, mn—1V) — 0.
For any spectrum E we have the homotopy cartesian square

Lgz,V —  LgpV

J |
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When E = S° this is the usual arithmetic square for V. One may use this

to prove that if either R is torsion or EQ # * then LgrV = Lgog(LgV).

In particular Lg/,,V = (LEV);,\. Also one may see that LEZ()V = LgaV
P) P

provided (E;\)Q o *.

The K-localization of the sphere spectrum is related to the J-spectrum.
More precisely we have ([2], [8])
J = Lg/pS° = (LgS9),.

It has homotopy groups

Z, if n=0,-1
Tnd = { Z/p?»(" 1)+ ifp = 1 (mod 2p — 2)
0 otherwise

with v, (—) denoting the p-adic valuation.

Finally we recall that K is ‘smashing’, i.e. that LgV =V A'LgS°. This is

A

not the case for K/p, since Lg,V = (LSO A V); # (LgS%), AV.

1.2 The functor F(X,—) preserves cofibrations so the definition of J in 0.1
gives us a cofibration for computing F(CP*, J).

We recall that 7, F(CP3, K) = Z[u,u™!] ® Zy[A] where u is the Bott class
and A = H—1is the reduced Hopfbundle; deg v = —2 and deg A = 0. The ideal
generated by A corresponds to w, F(CP*, K), and 99 is the ring homomor-
~ phism determined by

¥ (u) =g~ 'y, PN =(1+3-1
Note that all elements are concentrated in even degrees so that the homotopy

groups of F(CP>, J) are given by short exact sequences

. PI-g' .
0 — m_g; F(CP™, J) — Zp[A] ——— Zy[A] — 7_3i—1 F(CP=, J) — 0.

Here we have written Z,[A] for the ideal in Z,[A] generated by .
1.3 Modulo p we have (T — 1)?" = TP" — 1 and therefore the power series ring
Fp[A] is isomorphic to the inverse limit of group rings

HmF,[T]/(T7" ~ 1) = limFy[Cpe],

n n

with the isomorphism given by 1 + A — T. We thank Steffen Bentzen for
reminding us that there is the following p-adic analog of this.
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PROPOSITION. There are ring-homomorphisms Zp[A] — Zp[Cpn] which
maps 1+ A fo the generator T € Cpn and the induced map

Zp[A] — limZ,[Cpn]

is an isomorphism of rings.

Proof. By the Atiyah-Segal completion theorem K(BG) = Kg(EG) =
RG%. The map induced by the inclusion of groups

Z[T, T~ = RS — RCpn = Z[Cpn]

maps T to the generator T € Cpn. We may use p-complete theories instead to
get a commutative diagram of rings

Zp[Ta T_l] - Zp[Cp"]

I ¥

ZPHT“lﬂ - p[cp"]?cp,.

where the vertical maps are completion in the augmentation ideals. To com-
pute ¢’ we apply the exact sequence of limit-systems (in m)

0 — (T — 1)™ = Zp[T)/(T?" — 1) — Z[T}/(T?" ~ 1,(T ~ 1)) — 0.

Since all the groups involved are compact we may take the limit and maintain
exactness. Thus ¢’ is an isomorphism and we obtain maps Zp[A\] — Z,[Cpn|
and consequently
Zp[A] - }EI}ZP[CP"]-
n

Finally this is an isomorphism since K (limy BCpr) = lim K (BCpn) and because

the map
. _ - 1
1_1133011" = BQ/Z(P) BS
n

induced by group inclusions becomes a homotopy equivalence upon p-comple-
tion. o

Of course the proposition may also be proved by purely algebraic means;
cf. [9]. The inverse of the map in the proposition can be defined as follows.
Consider Zp[A] in the (p, A)-adic topology. Since A € (p, A) and since

(L+ 2P -1

A 0 =T = @+ 2)P" =D L (14 02" (1 4+2)P" +1e(p, )
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induction gives (1+))?" — 1 € (p, \)™1. Thus the map Z,[T] — Zy[] which
sends T to 1+ A is continuous if we give Z,[T] the linear topology defined by
the descending chain of ideals (T —1) > (TP —1) > ... > (T?" —1) > ---. The
induced map on completions is inverse to the map in the proposition,

limZ,[T]/ (77" ~ 1) — Zp[A].

1.4 Let Cpn = (T') denote the cyclic group of order p™ and let G, = Aut(Cpn)
denote its group of automorphisms. We recall that G,, = (f) is cyclic of order
$(p") = p"~(p — 1) with the action of the generator f givenby T'- f = T9.

We may extend the action of Gy, to a representation on the group algebra
Z,|Cpn] by linearity. The decomposition of Cpr into orbits under G, gives a
splitting as G, -modules

n n
Zp[Cpn] = [] Zo[T7" ) = [] Z5[Gri):
k=0 k=0
The G,-module structure on Zp|G,,_| is as follows. The projection Cpn —
Cpn-k induces a group homomorphism G — Gy, the induced map on group
algebras turns Z,[G,,_] into a Gp-module. In this setup 49 corresponds to

the action of the generator f.

LEMMA. Let H = (h) be a finite cyclic group and u € Z; a unit of infinite
order. Then there is a short exact sequence

h—u

0 — Zp[H] ZpH)| — Zp/(uF ~ 1)Z, — 0

" and this sequence is natural with respect to projections H —» H.

Proof. Suppose kb — u» had a kernel. Then this would be an H-module on
which H acted by the rule z - b = uz. But » has infinite order and H is finite,
hence the kernel is zero.

In the cokernel we have the identities A* = uh®*~!. Thus the cokernel has
only one generator as a Z,-module and is subject to the relation WHl =1 o

1.5 We return to the calculation of the homotopy groups of F(CP*, J) by the
short exact sequences of 1.2.

PROPOSITION. There is an exact sequence

- PI—gt . T s
0—Zp[A] — Zp[A] ’ H Zy(zi) — 0
k=0 -

Here zj, = n((1+ A)pk — 1) and 7((1+ A)° — 1) = 752y, (s), Where 7, € Zyisa
unit.
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Proof . We only deal with the case ¢ # 0 leaving the simpler case ¢ = 0 to
the reader. Then ¢* is a unit in Z, of infinite order and we can use lemma 1.4.
In proposition 1.3 we may restrict ourselves to augmentation ideals,

Zp[A] = limZy[Cypr].
n
We let Gy, be asin 1.4 and let m,: G, — G, —1 be the map on automorphism

groups induced by the reduction map redy: Cpn —+ Cpn-1. The reduction map
also induces a map Zp[redn|: Zp[Cpn| — Zp[Cyn-1] and this decomposes as

n n n—-1
H Zp[mp—il: H Zp[Gpg] — H Zy[Gpo1-&-
k=0 k=0 k=0

Since lim(*) vanishes for compact groups lemma 1.4 gives us an exact sequence

~ 9_g¢ ~ n-1 . n—1-—
0 — Zp[)] —i—g—rzp[[/\]] — }in H Zp/(g’¢(p B 1)Z, — 0.
n k=0

Finally vp(g*?(®") — 1) = s + 1 + v, (i) when s > 0, in particular v, (g"¢(P} — 1)
tends to infinity with s. ©

It follows that =, F(CP*,J) is an infinite product of Zp’s in odd degrees
and zero in even degrees. We end this paragraph with a determination of the
homtopy type.

1.6 We define a,(z) € Z[z| recursively by the formulae ag(z) = z—1, as41(z) =
as(zP)—p®as(z). If ¢P: Z[z] — Z|[z]is the ring homomorphism given by ¢ (z) =
zP then a,11(z) = (¥P —p®) (¥P —p* 1) - - - (¥P — 1)ag(z). This shows that a,(z)
belongs to the augmentation ideal in Z[z — 1]. Therefore we can define maps
as: CP* — K by the formula a;, = as(H) where H is the Hopf bundle. We
let b: 22K — K represent the Bott isomorphism K?(—) & K9(—) and define a
map fs: XK — F(CP*, J) as the adjoint of a desuspension of the composition

agNb

ad
CP= A X2K KK k-2 ,5J

We can take the wedge sum of all the maps £, to get

oo
f:\/ =K — F(CP=,J).
s=0 .
We would like to extend f over the product. We shall need a duality result.

Since Q/Z, is divisible and hence injective

D™(X) = Hom(mp—3(Lx S° A X), Q/Z,) = Hom(r,—3(Lx X), Q/Z,)
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is a cohomology theory. Now Hom takes sums in the first variable to prod-
ucts, so D* is completely additive and is represented by a spectrum D. The
composition ;

(LgSO)™(X) = m—nF(X, LgS°) = m—n(Lg X, Lg S°)
= (B2 L X, 52 L §°) — Hom(mn_2(Lx X), Q/Z,) = D™(X)

is induced by a map 6: Lg S® — D and comparing homotopy groups we get

&
LEMMA. There is a cofibration of spectra LgS°——D — H (Q,/Q,0).
We can now prove our main result in this paragraph.

THEOREM. Up to homotopy there exists a unique extension f of the map f to
the product

f: T] =& — F(CP=, J),
v 3=0 T

and this is ¢ homotopy equivalence.

Proof. The n’th derivative agn)(l) = 0 when s > n. Indeed this is true
when s = 0 and we may differentiate the recursion formula to get

n—1
a{?)(z) = qﬁn)(zp)pnzn(p—l) —p*a{ (z) + > ax(2)al® (=7)
. k=1

which gives the induction step. Thus (z—1)°|as(z) such that as|cpr =0 when
s > n and consequently the same holds for the composition

sk - mCP=, 1)~ F(CP™, 9).

Now as F(CP=, J) = holim#(CP", J) a choice of null-homotopies gives the

n .
desired extension of f. Furthermore the homotopy class of this extension is
uniquely determined if and only if

oo
. (1)al n _
lim™W[s* A T] =K, F(CP",J)] = 0.
n $=0
We proceed to show that each group in the limit system is zero. We have by
Bott periodicity,

(ST A ﬁ K,F(CP™ J)] = [CP" A ﬁ K, J]= [ﬁ(CP” A K), J].
s=0 =0 - 8=0
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where the last equality holds becauce CP” is a finite complex (so has an S-
dual). To calculate the J-cohomology we first notice that Z = [[(CP™ A K) is
K-local. Indeed CP™ A K is K-local and a product of K-local spectra is again
K -local. Thus D"(Z) = Hom(r,—2(Z), Q/Z,). For abelian groups A, B with
A torsion free and B divisible, Hom(A4, B) is divisible as we have ashort exact
sequence

0 — Hom(A/nA, B) — Hom(4, B) L»Hom(A, B) — 0.

Now 7ev(Z) is torsion free and = 3(Z) = 0, so D®V(Z) is divisible and
DOd(Z ) = 0. The groups H*(Z;Q,/Q) are Q-vectorspaces, and by the lemma
(Lg S°)®V(Z) is divisible and (L 5°)°%(Z) is a Q-vectorspace. We can calcu-
late

(2, J] = 7o F(Z, J) = mo(F(Z, LgS°),)

from the short exact sequence (cf. 1.1)

0 — Bxt(Q/Z,,, (Lx SY(2)) — 2, J]  Hom(Q/Z,y, (L S*)(2)) 0.

@’ ®’

The Ext-group is zero as a divisible abelian group is injective. The Hom-group
vanishes since there are no maps from a torsion group into a torsion free
group. We conclude that [Z, J] = 0.

In view of proposition 1.5 we only have left to show that z°* — 1 is a linear
combination of the polynomials a;(z),t < s. Since z— 1 = ag(z) the case s =0
is trivial. Now suppose zP* — 1 = }°I_ na¢(z) then

2P = 1= niag(aP) = Y ne(arga(z) + plas(a))

t=0 t=0

and we are done by induction. o

2. The homotopy orbits of J

2.1 Since Jg1 is a split S!-spectrum the homotopy orbits are
Jhgt = J A BS} =~ J v (J ACP™).
The ‘arithmetic’ square of 1.1 gives a cartesian square

LKSO/\CP°° R LK/pSO/\CP'”

| J

LgS°QACP® ——— (LgS°),QACP>.
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‘which relates J A CP* to the K-localization of the suspension spectrum S° A

CP=. We recall form 1.1 that p-completed and p-localized K-theory gives the
same localization functors Lg. The spectrum LgS® A CP* is calculated in
[8], [7], we give a short review.

2.2 The maps a,: CP~ — K of 1.5 induce a map a: CP* — [[52, K to the
product. Now as ay|cpn =~ 0 when s > n and CP* = lim CP™ this map factors

through the inclusion of the sum and we obtain

oo
a:CP* — v K.
3=0

It is shown in [7] that this map induces an isomorphism on K,(—;F,) and
thus that a: S A CP* — (V K ); is a K/p-localization. Alternatively

~ oo
(LxS° ACP=), —(\/ K)
=0

A
p-

However as (LgS° A CP*)Q = H(Q,0) A CP* this is far from a rational
equivalence. In order to state the integral result we need a new spectrum. We
let bu denote the connected cover of K, i.e. bu = K|[2,00). Its K-localization
is the homotopy fiber of the composition K — KQ — KQ(—o0, 0], cf. [7], [8].
The homotopy groups 7. Lg (bu) are Z, in even degrees > 2 and Q/Z(p) in

odd degrees < —1.

THEOREM. ([7], [8]) The K-localization of the suspension spectrum L°° CP*
s

o
LgS° ACP= = Lg(bu) v \/ T KQ/Z.

s=1

2.3 In the square 2.1 the rational term is LxS°Q A CP* = buQ and the left
vertical map is projection onto Lk (bu) followed by rationalisation. Thus the
mutual cofibers of the vertical maps are KQ/Z v \;2, KQ/Z. The cartesian
square gives the following diagram of homotopy groups when n > 1.
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0 0
| |
Z(p) E—— wond A CP=
| |

Q . Q,

lw x 0 lﬂ

o id o
Q/Z(p) X @ Q/Z(x’) —1—’ QP/ZP X @ Q/Z(P)
s=1 s=1

L |

é Q/Z, ———  mgu—1J ACP™
g=1
| |
0 . Q,
|
0

We claim that p = 7 x 0 where m:Q, — Q,/Z, is the canonical projection.
Indeed if we restrict p to Q C Q,, this is the case and since c is the completion
map and p is Zp-linear the claim follows. Finally since € Q/Z, is divisible
there are no extension problems.

COROLLARY. The homotopy groups of the smash product J A CP* are
zZ, if n > 2 and even

oo
Q, xPQ/Z, ifn>1andodd
s=1

Tn(J ACP=) =<
da/z, if n < —1and odd
s=0
0 else.

2.4 We have determined the homotopy groups of the first two terms in the
norm cofibration, cf. 0.2. Thus in order to calculate 7, H(S!; J) we must eval-
uate N, and solve extension problems.
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For degree reasons only Ny and Ny;_1, = > 1 may be non-zero. To settle

this we use the spectral sequence £*(S1; J) constructed below and we prove
the following result in 4.5.

PROPOSITION. The norm map induces a map on homotopy groups
1
No:ms_1Jpg1 — W,Jhs

which is injective if s = 20 — 1, © > 1 and zero otherwise.

The basic extension problem is now the following. Let n < —1 be an odd
integer and suppose n #Z £1 (mod 2p — 2). Then the homotopy group of the
Tate spectrum is an extension

0—»HZ —»1r,,_ .S' ;J) EBQ/Z — 0.
k=0
We show in 4.4, using the spectral sequence with Fp-coefficients, £*(S';J/p)
that 7, FI(S1; J) is torsion free, and in 5.2 that this in turn determines the
group completely.

3. The Tate spectral sequence

3.1 Let G be a compact Lie group of dimension d and Vg a G-spectrum. The
Tate spectral sequence E*(G; V) is a whole plane spectral sequence which one

might expect to approximate the homotopy groups of ﬁ(G; V), cf. [4], [6]. In
this paragraph we study convergence properties.

Let us recall how the spectral sequence is constructed. The G-space EG is
defined by the cofibration

EGy — 8% - EG.

It is a G-CW-complex whose k-skeleton is E,G = cof(E;_;G+ — S°). The
spectral sequence comes from Greenlees ‘filtration’

o—F 9g—F 1 —Fg—F —Fy—+...

of the suspension spectrum of EG. Here F, is the suspension spectrum of
E,_;G when s > d, the functional dual of E_,G when s < 0 and S° when
0 < s < d. The exact couple associated with the spectral sequence is

Dyt = mot([Fs A F(EG4,V)|%)

Est = moyt([Fs/Fo1 A F(EG4,V)|%).

One éxpects that the spectral sequence approximates the colimit
Dy = limDy;n—s which is equal to 7, H(G; V). It has an induced filtration

8

FsDp =im(Dgn—s — Dy).
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We recall some notions of convergence from [1].

Definition.. We say that the spectral sequence

(1) it converges to Dy, conditionally if}i_IEDs,n—a = }i_n_l(l)Da,n_s = 0.
3 38

(2) it converges to Dy, weakly if Efn_s =F;Dp/Fs_1Dp.

(8) it converges to Dy, strongly if it converges to Dy, weakly and in addition

limF, Dy, = limF, D, = 0.

38 8

A word of explanation is in place. Condition (1) is rather weak but has
the effect that the question of strong convergence can be settled by studying
the internal structure of the spectral sequence. If for example the lenght of
the non-zero differentials is bounded conditional convergence implies stong
convergence. To understand strong convergence note that a filtered group
can be viewed as a topological group by taking the stages of the filtration as
a base for the neighborhoods of zero. The vanishing of the two groups in
(8) is then equivalent to the statements that this topology is Hausdorff and
complete tespectively. Here complete means that Cauchy sequences converge.
Let us finally note that if the topology is complete but not Hausdorff, then the
spectral sequence converges strongly to

Dn = Dn/}illlFsDn-

3.2 Our first convergence result for the Tate spectral sequence imposes no
further conditions on the G-spectrum V.

LEMMA. The spectral sequeﬁce E*(G;V) is conditionally convergent to
~H(G;V).

Proof . We have a diagram of G-spaces in which the rows are cofibrations
(Bx-1G x EG)y —— EG4 E.GAEG,

al=s I I

EG/E;_,G.

Ex_1Gy — EG,

It shows that Dg n—s = Vg " (EG, E_,_1) when s < 0. Thus the lemma follows
from Milnors short exact sequence

0— }iin(l)Ds,n+1—a — VG"TL(EG" EG’) — }illle,n—a — 0. o

38 38
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3.3 In the present general setting the norm cofibration has the form

N N
sAd@)y, .~ yhe " L fI(G;V).

It induces along exact sequence in homotopy groups which we compare to the
long exact cohomology sequence of the pair (EG, ExG)

o} N,

v,
sy gVhg —— T

A a
VG _r H(G; V) —— -

[ * I §
e s VEEG, EyG) —— VG (BG) —— Vg™ (B G) ——s -

They have the term 7, (V*¢) = V;"(EG) in common, and we can define sub-

groups
Oy, = im(5*: Vg™ (EG, ExG) — Vi "(EG)) © Ve,

Taking these as a base for the neighborhoods of zero, m,(V*¢) becomes a
topological group.

LEMMA. Suppose V is a p-complete spectrum with = (V) finitely generated
as a Z,-module for all n. Then the group 7 (V?C) is complete Hausdorff in
the O-topology.

Proof. The statement is equivalent to the vanishingog lim O and }@(1) Ok
k k
We let Ny, be the kernel of 5*: V" (EG, ExG) — V;"(EG) and obtain a six
term exact sequence

0— lim Vg, —v.}iLnVG—"(EG, ExG) — Lim O

k k -k
— lim N, - lim V5" (EG, E,6) — im0, — 0.
k k k

By lemma 3.2 it suffices to show that @3(1)N 1 = 0. To this end note that N},
is also the image of §: VG"-"_I(E,,G) — V5 "(EG, E\G) so is compact in its p-
adic topology as E;G is a finite free CW -complex. Finally @(1) vanishes for

compact groups. o

PROPOSITION. Let V' be a p-complete spectrum with mn(V) finitely gener-
ated as a Zy-module for all n. Then the spectral sequence E*(G;V') converges
strongly to the cokernel of ¥, in the exact sequence

_ v, N
0 — imN, —— imN, — mH(G; V).

Here imN, denotes the closure of imN, in the O-topology. In particular the

Py

spectral sequence converges strongly to mn(H(G;V)) if imN, is closed.
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Proof . Recall from 3.1 that D, = =, (F(G;V)) is filtered by

v,
FyDyp =im(Dspn—s — D) = im(0_s—1 — Dy).
It follows from (the proof of) [B; 10.1] that the spectral sequence converges

weakly to Dy,. Indeed the criterion is that the group REZ; defined as (liLn(l)

of a certain system of Z,-submodules of E, ; vanishes. In our case these sub-
modules are compact, so the criterion is satisfied.

We next claim that the filtration topology on D, is complete, i.e.
}ln(l)FsDn = 0. To see this notice that

F_g—1Dp = ¥, (0;) = 0/ (0 NimN,) = (0 + imN,)/imN,

so that
0—imN, - Oy +imN, - F_;_1D,—0
is exact. Now }iin(ok +imAN,) is precisely the closure of imN, in the O-

topology on 7, (V"%), and the six term exaxt sequence used in the above
lemma reduces to

0 —imN, — imN, — HE}FSD"' —0
3

since im N, does not depend on s. Thus we are done by the discussion following
definition 3.1. o . .

COROLLARY. The Tate spectral sequence E*(S1; J) converges strongly to the
homotopy groups = H(SL; J). v

Proof. Our calculationsin §1 and §2 shows that for dimension reasons imN,
is always compact. But thenimN, = imN, asthe O-topology is Hausdorff. o

3.4 We conclude this paragraph with a list of the £%-term of the Tate spectral

sequence for various groups G. The cases are

(1) G finite, E'f’t(G; V) = B~*(G;mV) - the Tate cohomology of G with coef-
ficients in the G-module m; V.

(2) G = S* the circle group, £(S};V) = Z[t,t~!|®.(V), and t € VZ(53, 51)
has bidegree (-2, 0). ;
(3) G of positive dimension and connected
H™*(BG;mV) ,8<0

B (GV)=1{ Hy_q_1(BG;mV) ,s2d+1
0 1< s<d.
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If Vg is a ring G-spectrum and G is either finite or S the Tate spectral
sequence is multiplicative in the sense that £"(G;V) is a bigraded algebra
and d" a derivation for the multiplication. For such V the formulas (1) and
(2) are algebra isomorphism.

4. The Tate spectral sequence for J/p
4.1 We write X/p = X A §9/p for the spectrum X reduced mod p. Since the

Moore spectrum S9/p is finite all the functors in the norm cofibration com-
mute with reduction mod p. In particular «, (H(S'; J);Fp) = mH(S'; J/p).

The E%-term of the mod p Tate spectral sequence is
E*(sY;J/p) = P[t,t 7] ® E{a} ® Plv1, T "]

where the bidegrees are degt = (—2,0), dega = (0,2p — 3) and degv; =
(0, 2p — 2). There are also spectral sequences approximating , (J"5 ' Fp) and
7y(Jp51;Fp). They are left and right half plane spectral sequences respec-
tively and have E2-terms

E%,(J"5';F,) = B2, = Plt| ® E{a} ® Plvy, v }] s <0
Ef,t(JhSI;Fp) = E3+2,t = o 2IPt7!] ® E{a} ® Plvy,v]}] ,s > 0.

Here o is the shift operator (¢ M), = M,_1,; and IP[z] C P[z] is the aug-
mentation ideal. They are both strongly convergent, cf. 3.1.

There is a fruitful interplay between these spectral sequences and the Tate
spectral sequence. We sketch the interplay here and refer the reader to [4]
where it is treated thoroughly. For any S1-spectrum X there is a map of spec-
tral sequences

W B (XM - BT (ST X)
which is iso for r = 2 and s < 0 and epi for r > 2 and s < 0. This implies that
z € E'sz’t(X h§ 1) survives to E* precisely when one of two things happens.

Either ¥2z survive to £ or ¥"z = d"y for some y in the right half plane, i.e.
s + r > 0. Similarly there is.a map of degree —2

8" BT, 5 ,(SY; X) — Ej y(Xpsn)

which isiso for r = 2 and s > O and mono forr > 2and s > 0. Let z €
E'Z,t(Sl; X). Then 8%z survives to infinity if and only if = does so or d"z # 0
and s — r < 0. We note that what we said above fit in well with the exactness
of

1 W, ” B
T XS ——fwnH(Sl;X)—————rrn_thSL

From this point of view the norm map N, should correspond to those differ-
entials in the Tate spectral sequence which cross the line s = 0. Proposition
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4.3 below is an instance of such a relation. Our calculations in this paragraph
for X = J/p are based on the following result.

THEOREM. ([4]) The non-trivial differentials in E*(S'; J/p) are multiplica-
tively induced from
pE-1
2P 1)t o R, POT)

Here v € Ff is aunit. o
4.2 Before we can write down the E'°°-terms we need some notation. We write

reZas
r=ri(p—1)+re; 1<r2<p—-1

Next we define periodicy elements
7= (P~ 1uy) "2, II= (tp_lvl)p"z.
of total degree zero, and elements w, (k) and 2, (k) for k > 0 by

wr(0) =t 201", wr(k) = we(k—1)- = wy(0) - P—1

z(0) = tp_l—rzavlrl; zr(k) = 2, (k— 1) - P = 2 (0) - II =
They have total degrees 2r and 2r — 1 respectively.

LEMMA. The E®-terms of the mod p spectral sequences are

E(8Y;7/p) = E‘{t—la} ® Plvs, vl—l]

E®(J"S*Fp) = Fp(z(k)|k €N, r € Z) ® Plvg,v] ]

E®(Jps1; Fp) = 0 2Fp(w, (k) [k €N, r €Z) ® 0 2Fp(t lav’|j € Z),
where o2 indicates that degrees are shifted down by 2. Furthermore the dif-

ferential of the Tate spectral sequence takes wr (k) to vy (k)zr (k) with yr (k) € Fy
a unit.

Proof. We first derive £ (S1; J/p). If we write n = mp* with (m,p) = 1
the first non-zero differential on t™ gives
k

p(%l)_

Here we have neglected to list the units y € F,\ and we shall do so throughout
the proof. Now for [ € N to be of the form

d*t" = t(m—l)pkd*tpk = tpk+1+mpk—1a V1

l=pk+1+mpk—-l
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we must have
k=wp(l+1), m=———p.

It follows that all powers of ¢ are hit by exactly one differential save [ = —1.
This gives the claim for £ (S1; J/p)
To evaluate E®°(J),g1,Fp) weseek z € E‘f,t(slg J/p), 8 > 2suchthatd’z # 0

for some r > s, cf. 4.1. So let z = t"v;* with n < 0 and suppose d'z = tlavy7
with I > 0 for some r. We write n = —mp* with (m,p) = 1 and have from

above

I=pFtl —mp* — 1.

Thus! > 0 if and only if m < p — 1 and since also m > 1 (because n < 0) we
obtain z = t*m"kvlj with1 <m <p-—1,k e Nand j € Z. Ordering these
elements after total degree we get the elements w, (k) defined above.

We can similarly evaluate E®(J"S 5 Fy). Indeed the generators are exacly

the tta vy’ "= d"t"vi? we have just found. Again ordering after total degree
gives us the elements 2z, (k). o

We shall see in 4.8 that £%°(S;J/p) is very far from =, (H(S1; J); Fp), so
the mod p Tate spectral sequence diverges.

4.3 We next evaluate the norm map. We begin with a lemma.

LEMMA. Suppose that in the commutive diagram

0 — A —— 4 — A" —— 0
w|= w
0 B «—— B " B" «— 0

the rows are exact and the map N'is an isomorphism. Then the additive rela-
tion

n,on T N L n
N":A"+——A——B+——B
is @ homomorphism. o

PROPOSITION. There are elements w, (k) and z, (k) which reduce to o~ 2w, (k)
and zr(k) respectively such that

WZs—Z(Jhsl;Fp) = @ Fp("-‘—’r(k))s 7r2s—1(JhSI;Fp) = H Fp<2r(k)>-
k=0 k=0

Furthermore these elements may be chosen such that Ni(wr(k)) = vr (k)2 (k)
where v (k) € F asin 4.5.
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Proof . We write A = my,_3(J,g1;Fp) and B = wzs_l(JhSl;Fp). For nota-
tional convenience we pick subfiltrations of the filtration associated with the
spectral sequence such that

FrA/Fr 1A =Fy(o 2w, (k)), F*B/F*T1B = Fy (2. (k).

We shall prove the proposition by induction. So assume that we have chosen
elements @, (k) for all k and z,(k) for k < n which represents o~ 2w, (k) and
2z, (k) such that Nw, (k) = v,(k)2-(k) when k < n and such that Nw, (k) € F"B
when k > n. Repeated use of the lemma gives us a commutative diagram

0 — F,A/F,_1A —— A/Fp,_ 1A —— A/FRA —— O

- Ier

0 «—— F"B/F**1B «—— F*B +«—— F""1B —— 0

We may define z(k) by the equation N("o=2w, (k) = ~,(k)z (k) and can
change our choices of @, (k) for k > n by adding an appropriate multiple of
@r(n) so that we obtain Nw,(k) € F**!B when k > n. Now the proposition
follows by induction with n = 0 as a trivial case. o

4.4 In the Tate spectral sequence £*(S; K) all elements are concentrated in
even degrees. Thus the spectral sequence collapses and by proposition 3.3 it
converges strongly to m.H(S'; K). It follows that the odd degree homotopy

groups of Ky g1, K*$" and H(S!, K) all are zero.
We may apply the snake lemma to the diagram

0 —— my, KM — WQnI:I(Sl;K) —— wyp—oKpgr —— O
l(,/,g)hsl -1 lIfI(Sl;apg) -1 l(’ﬁg)hsl -1
0 —— Wanhsl — Wgnﬂ(Sl; K) — mn2Kpgt —— 0

to obtain a six term exact sequence

0— 1r2nJhS1 — 7r2nf{(51; J) — wop_gJp1

N, 1 A
——*Wzn_ljhs — 'Irzn_lH(Sl; J) — Top—3Jp51 — 0.

These statements are true with any coefficients; we take . = mu(—;Fp).

Since the 0-topology on (Jhs1 ; Fp) is Hausdorff'so that {0} c wzn(JhS ! i Fp)
is a closed subset proposition 3.3 shows that in even degrees the Tate spec-
tral sequence £*(S';J/p) converges strongly to m (H(S';J);Fp). The cal-
culations of the E®-terms in 4.2 therefore show that W,:x,(J"S 13Fp) —
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7+ (F(S1; J); Fp) is an isomorphism in even degrees. For the odd degree ho-
motopy groups we get an exact sequence

N. W. ~
0 — mon—a(Jpg1; Fp) —— mon—1(J™5"; Fp) — map_1 (H(SY; 7); Fp)
O
—_— 7an—-3(JhSI;Fp) — 0.
From proposition 4.3 we get

THEOREM. The mod p homotopy groups of the S'-Tate spectrum for J are

(Fp(z;) , n=2j(p-1)
(o o] o]
Fp(y;) x (] Fo/ EDFp) m=2jp-1)+1
”n(H(Sl;J);Fp) =91 ook:O k=0
HFP/@FP y,nodd, n# 1 (2p—2)
k=0 k=0
\ 0 ,else.

Here z; and y; represents v19 and t~tav, 91 in £ (SY; J/p) respectively.

If we compare this result with lemma 4.2 we see that the spectral sequence
misses the term [[Fp/ @ F, in the odd degree homotopy groups. Thus in
contrast to the convergent integral spectral sequence, cf3.3 the mod p spec-
tral sequence diverges very badly. We note that this is in accord with proposi-

tion 3.3. Indeed the O-topology on we,—1(J hS 1; Fp) is given by the descending
sequence of submodules

oo

I1 Fotz (k) o I] Folzr(k)) o T] Folzr (k) o -+
k=0

k=1 . k=2

so the sum @ %> Fp(2r(k)) is a dense subset.

4.5 The rest of this paragraph is devoted to the integral spectral sequence
E*(S%;J) and to the proof of proposition 2.4.

LEMMA. For every s # O there are infinitely many non-zero differentials of
the form .
d": 53,0 (Sl; J) - EEs—r,r—l(Sl; '])

and these are the only non-zero differentials in E*(S';J). Furthermore the
only elements of even total degree in E* are E@:’o =Zp.

Proof . The spectral sequence has E?-term

EXSY0) =Zt,t7Y @ mi(J)
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and m(J) is listed in 1.1. We notice that the elements in even total degrees
are concentrated on the s-axis, so the differentials must either end or start
here. Since all elements away from the lines ¢t = 0, —1 are p-torsion the only
differentials which may end on the s-axis are

d*: B3, (8% ) = Ef,_50(Sh5 ).

The map J — XK allows us to compare the Tate spectral sequence for J with
that for 5K. Since there are no differentials in £*(S; £K) as all elements

have odd total degree we may conclude that d? = 0in E*(81;J). Thus all
non-zero differentials in £*(S'; J) originate on the s-axis. As a consequence

RSy . ¢ 1
v 53,0(‘] )_’EES,O(S ;J)

is an isomorphism for all r > 2. Now wz,(Jhsl) = 0 when s # 0 and since
E*(JhS 1) converges strongly to m,(JPS 1) it follows that Eg:,o (§';J) = 0 when
s < 0. Since the Tate spectral sequence is multiplicative we have in particular

0=d* (1) — d',(tzst—zs) — dttZs _t-—Zs + tZs . dtt—Zs

and may conclude that E§2,(S;J) = E%y, (8% J) = 0 when s # 0. This
can only happen if infinitely many differentials leave E%S’O(S 1. J) because all
elements in the upper half plane are p-torsion. o

Proposition 2.4 is an immediate consequence of the following corollary.

COROLLARY. The only non-zero even degree integral homotopy group of the
S1-Tate spectrum for J is moH(S1;J) =Z,. ©

5. The S'-Tate spectrum for J

5.1 In this paragraph we solve the extension problems associated with the
calculation of w,H(S1; J), e.g. 2.4. We use some structure theorems from the
theory of infinite abelian groups and begin by presenting these; a standard
reference is [5]. Throughout a group will mean an abelian group.

The sum of all divisible subgroups of a group A is again divisible and there-
fore maximal. Since divisible groups are injective A is the direct sum of the
maximal divisible subgroup and its quotient called the reduced group. The
p-completion of A is defined by

A, =limA/p"A

n

and the canonical map ¢: 4 — A;,\ is called the completion map. We say that
A is p-complete if ¢ is an isomorphism.
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THEOREM. [5 p. 168] A reduced p-complete group is the p-completion of a di-
rect sum of cyclic Zy-modules. The cardinal numbers of the sets of components
Z, resp. Z/p™ are invariants of the group. o

Examples. 1. A= []32Zp. Since A is torsion free we have A = (;, Zp);\,
so have only left to determine card([). To this end we notice that

AlpA= (D 2,), /o@D Zp), = (D Fp)y, = PF».
iel i€l el iel

But A/pA is also a countable product of Fy’s so card(I) = 2¥e.

2. A = (Dr, Zp);,\. One readily shows that the image of A under the
inclusion

A= (@Zp); c (H zp); = H Zp
k=0 k=0 k=0

is the group N (Z,) of null sequences in Z, with respect to the p-adic valuation,
i.e. sequences (zj) such that vp(z;) — co with k.

The next theorem gives the structure of divisible groups. Basic examples
are the rational group Q and the group Q/Z, of all p™th roots of unity, n > 0.

THEOREM. [5; p.104] A divisible group is a direct sum of copies of Q and
Q/Z @ Where p runs through all primes. The cardinal numbers of the sets of
components Q resp. Q/ Z, areinvariants of the group. ©

Example. Let Q, denote the field of p-adic numbers and consider the group
N(Qp) of null sequences in Q, with respect to the p-adic valuation. It is a

P . . . . . R
divisible torsion free group so a rational vector space. The dimension is 227°.

5.2 The basic extension problem we need to solve is the following
[e o] e} .
0— HZp—rE—r @Q/Z(p) — 0.
k=0 k=0

As an obvious candidate we have the group of those sequences (zx) in Q,
where all but a finite number of elements belong to Z,. We write §(Q,) for

this group,
$(Q,) = lim (] Q,x I %)
|S|<oo s€S ¢S

with the colimit taken over finite subsets of N.

PROPOSITION. If the underlying group E is torsion free it is isomorphic to

$(Qp)-
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Proof. We let (E,p) denote the limit system E « P gt gL

Since E is torsion free we have exact sequences

O—PE—L—+E—vE/p"E—>O

As n varies these give rise to an exact sequence of limit systems and this in
turn supplies an exact sequence

0= lim(B,p) = E—— B, — lim"(E,p) — 0.

Now the definition of E as an extension gives us a six term exact sequence

oo [o o]
0 — lim (]| Z,p) — lim(Z, p) —*}in_l(@Q/Z@’P)

k=0
(e}
— }jl_n(l)(H Zy,p) — }i_n_l(l)(E p) hm @Q/Z(),p — 0.
k=0

The first, fourth and sixth term vanish. The first because no elements in [] Z,
may be divided by p infinitely often, the fourth term because [] Z, is compact
and the sixth term because (D Q/Z, "y p) is Mittag-Leffler, cf. [3; p.256]. Thus

¢ is epi. To evaluate the kernel we use

OHN(ZP)_’N(Qp)_'@Q/Z@) —0

which gives an exact sequence

0— X (Q,) — lim( @Q/Z(),p — imW(N(Z), p).

But 4ly(l)(.k/(zp), p) = 0 as N(Zy) is p-complete, so ker(c) = N(Q,).

We claim that N (Q,) is the maximal divisible subgroup of E. Indeed any
divisible subgroup of E is contained in ker(c) = N(Q,) which is itself divible,
hence the claim. The reduced group E;\ is torsion free and p-complete, so by
5.1 we have only left to determine a cardinal number. We have

[= o]

B, = B/M(Q,) = (I] 2)/4(2) = (D %), /(D %), = @zp/@z

k=0 28g Ro 2Ro

so the cardinal number we were looking for is 289, We have shown that if E
is torsion free it is the direct sum of N(Q,) and [[32,Z,. Now $(Q,) is such

agroup. O
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5.3 We can now state and prove our main theorem.
THEOREM. Abstractly the integral homotopy groups of the S'-Tate for J are

Q/Z, x $(Q,) ifn=—1(mod2p—2 andn#—1

wan(Sl; J)= %(Qp) ?;herw(;'se when n is odd
D n=
0 if n #01iseven.

Proof. We have already shown that the groups in even degrees are zero,
cf. lemma 4.5. If we compare this with theorem 4.4 we also obtain that
wnﬁ(S LJ ) is torsion free when n is odd and not congruent to —1 (mod 2p — 2)
and when n = —1. For all these groups the result stated above follows from 5.2
or a slight modification thereof. As an example suppose n < —1 and n # +1
(mod 2p — 2). Then 7, H(S1; J) is an extension

0—>HZp—>7rnHS J) @Q/Z(P)—ro
k=0

and we may apply 5.2.

When n = —1 (mod 2p — 2). we must work a little harder. If n < ~2p + 1 the
homotopy group is an extension

o o
0— Z/pu,,(n+1)+1 % H Zp — anl(Sl;J) — @ Q/Z(P) -0
k=0 =

but this-time not torsion free. In fact the torsion product Tor(m, H(S; J), Fp)
= F, since 7,4 1(H(S; J); Fp) = Fp by 4.4 and since mp,41H(S!; J) = 0. How-
ever if we can show that the torsion subgroup in m,H(S1;J) is divisible it
follows by 5.1 that it is isomorphic to Q/Z(P). We may instead consider the p-

completed Tate spectrum FI(S?; J),, and ask whether m,, (FI(S?; J);) is torsion
free. This group fits into an exact sequence (by applying =, to the completed
norm cofibration)

oo
~ /\ N.. A A
0 — mpy1(H(S @ —Z/p* x HZ ———>7rn(H(Sl;J)p)—r0

where a = vp(n+1)+1, cf. 2.2 and 2.4. The component Z/p® in =, ((J*5")}) is
from the first factor of the decomposition J*S" ~ Jx F (CP=,J). Inthe mod p
spectral sequence such elements are located on the t-axis (s=0), and therefore
some generator in Z/p® represents the class z,(0) with 2r—1 = n, cf. 4.5. Since
zr(0) is in the image of N, (mod p) by 4.3, Z/p* C imN, and consequently
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p*Z,y is a quotient of mna1 (FI(ST; J);\). We conclude that F, is a quotient of
Tyt (H(ST; J);,\) ® F,. Now recall from 4.4 that m,, 1 (H(SY; J); Fp) = Fp and
from [2] the formula

A

71 (A(SY J); Fp) & may1 (H(SYJ),) © Fp @ Tor(mn (F(SY; J),), Fp).

It follows that the second summand must be zero and hence m, (H(S1;J );) is
a torsion free group. For the p-completed spectra the case n > 2p — 3 is the
same. ©

COROLLARY. The homwotopy groups of the p-completed Tate spectrum are

Z,0[]Z,/N(Zy) ifn=1(mod2p—2)
~ T Zy/ N(Zy) otherwise when n is odd
P2z if n=0(mod 2p — 2)

0 otherwise if n is even.

mH(S1; J)

Proof . This follows immediately from the formula on page 3 when we no-
tice that v

Hom(Q/Z,, D Q/Z,) = Hom(limZ/p", D Q/Z )
k=0

n k=0

= limHom(Z/p", P Q/Z,) = lim P Z/p" = N(Z,). ©
n k=0 n k=0

We return to the conjecture we stated in 0.2,

(s 0), ~ kv skl (T sK)/(\/ =K),.
r=0

r=0

The two sides have isomorphic homotopy groups. We note that there does
exist a cofibration

sJv(\ =K), = Jv ][] =k — K vsklt v (]] £K)/(\/ 2K),-
8=0 s=0 r=0 r=0

which could be a candidate for the norm cofibration 0.2. The Adams splitting
of p-complete K-theory is a decomposition K ~ K[lv Kl2lv .. v KlP=1 and
99 — 1 induces a homotopy equivalence on all components save K (1. Thus J
may equally well be defined by the cofibration

J— g P g,
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There are equivalences K[/l = £2~2K[ll and x, K[| = Z,[vy, v;71], s0 by an
infinite exchange of Adams components we get equivalences

(V =K), == kv (\/ sK),, []sk=~zklv]]=k

8=0 r=0 =0 r=0
Now it is obvious how to construct the proposed cofibration.
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