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CONSTRUCTIONS OF SUMS OF SQUARES FORMULAE WITH
INTEGER COEFFICIENTS -

By TARA L. SMITH* AND PAUL YIU**
Dedicated to the memory of Professor José Adem

1. Introduction
This paper is on the construction of sums of squares formulae of the form

(1.1) @2+ 42+ D =22+ 22
1 r 5 1 n

in which z, ..., z, are polynomials in z1, ..., Z, ¥1, - . -, Ys With integer co-
efficients. We shall call an identity of this form an [r, s, nlz formula. [r, s, n]z
formulae are generalizations of the classical 2—, 4—, 8—square identities which
express the multiplicative property of the norms of complex numbers, quater-
nions and octonions respectively. The impossibility of a 16—square identity,
viz. a [16, 16, 16]z formula, was discovered in the late 1840’s. This suggested
the problem of determining, for given r and s, the smallest integer n, denoted
r *z s, for which there exists an [r, s, n]z formula. The purpose of this paper
is twofold: firstly as an announcement of the main theorem of [Y5] on the
determination of the precise values of r %z s in the range 10 < r,s < 16, and
secondly to give some new upper bounds in the range 10 < r,s < 32.

THEOREM (1). The precise values of r xz s for 10 < r, s < 16 are as follows.

r\s 10 11 12 13 14 15 16
10 16 26 26 27 27 28 28
11 26 26 26 28 28 30 30
12 26 26 26 28 30 32 32
13 27 28.28 28 32 32 32
14 27 28 30 32 32 32 32
15 28 30 32 32 32 32 32
16 28 30 32 32 32 32 32

The function r *z s is clearly symmetric in r and s. For r < 9, the values
of r xz s are well known; see [S2, Section 4] or Theorem (9) below. That
10 %z 10 = 16 is an old result-of K. Y. Lam [L2], and 16 3 16 = 32 is the
main result of [Y4]. A complete proof of Theorem (1) can be found in [Y5].
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In Section 7 below, we shall exhibit sums of squares formulae realizing the
above data. The constructions here are slightly different from those of [Y5].
Constructions of [r, s,n]z formulae beyond the range r, s < 16 have been
considered in the works of Adem [Al], Yuzvinsky [Yuz 2], Lam and Smith
[LS]. In Sections 8 and 9 below, we shall construct some new formulae in the
range 10 < r, s < 32, giving improved upper bounds of r %z s.

THEOREM (2). The table below gives upper bounds for r xz s in the range
r<s 10 <7 <32 17 < s < 32. Those entries with asterisks give precise
values of r *z s.

r\s 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
10 29 29° 30 30 30* 30" 32 32" 32" 32" 32" 32" 32" 32" 327 32*°
11 32 32 32 32 42 44 44 44 46° 48 48 48 48 52 52 52
12 32* 32* 32* 32*° 42° 44 44 44° 48 48 48 48 48° 52 52 52°
13 32* 32" 43 44 44 44° 48 48 48 48 48 59 60 60 60° 64
14 32 32" 43" 44° 46° 48 48 48 48 48 48 59° 60° 62° 64 64
15 32* 32" 44 46 48 48 48 48 48 48 48 60 62 64 64 64
16 32* 32" 44" 46° 48 48 48 48 48 48 48° 60° 62° 64 64 64
17 32" 32"° 49° 50° 51° 52° 53° 54° 55° 56° 57° 61° 64 64 64 64

18 50 50° 52 52* 54 54* 56 56° 58° 61° 64 64 64 64 64
19 56 56 59°* 60 60 64 64 64 64 64 64 64 64 64
20 56° 60 60 60° 64 64 64 64 64 64 64 64 64°
21 64 64 64 64° 75° 76° 80 80 80 84 84 84
22 72 72 72 76° 78 80 80 80° 84 84 84°
23 72 72 77° 78° 80 84° 88 92 92° 96
24 72° 78° 80 80 88 88 94° 96 96
25 80 80 80 88° 94 96 96 96
26 80 80° 90° 94* 96 96 96
27 = 89° 93®* 96 96 96 96
28 9% 96 96 96 96
29 96 96 96 96
30 96 96 96°
31 116 116
32 116*

The proof of Theorem (2), to be found in Section 9, is by the exhibition of a
formula of type indicated by each entry with a bullet in the table above. Other
requisite formulae then follow from obvious restrictions.

D. B. Shapiro’s paper [S2] and forthecoming book [S3] provide good surveys
of results on [, s,n] formulae of the form (1.1) with 24, ..., z, bilinear forms
with coefficients from a given field. Recent results on the real coefficients case
can be found in the works of K. Y. Lam and the second author [L3, L4, Y2, Y3,
LY1, LY2, LY3], and for arbitrary fields in the work of Adem [A2, A3].
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2. Preliminaries

It is well known that an [r, s,nlz formula is equivalent to a consistently
signed intercalate matrix of type (r,s,n). We briefly recall the definitions.
The matrices in the present paper are all combinatorial in nature. Let M be
an r x s matrix with generic entry M (i; 7). We shall think of the entries of M
as colors, and write n(M) for the number of distinct colors in M.

Definitions (3). (a) Anintercalate matrix of type (r, s,n), or simply an (r, s, n),
is an r X s matrix M with n(M) = n satisfying the following conditions.

(i) The colors along each row (respectively column) are distinct.
(ii) Intercalacy: If M(i;7) = M(i'; §'), then M(3;5") = M(i; ).

(b) An intercalate matrix M can be signed consistently if it is possible to
endow each entry M (i; j) with a sign ¢; ; = £1 such that

(2.1) e €€ jeiry = —1 whenever M(i;5) = M(®i';5") fori#4d',j # 5.

Consider the octonion algebra K with identity e; and an orthonormal basis
€1, €2, ---, eg. 'The multiplication table with (i; j) entry equal to e;e; can be
regarded as a consistently signed intercalate matrix with e; replaced by “color”
i, 1 <i<8:

r+1 +2 +3 +4 +5 +6 +7 487
+2 -1 +4 -3 +6 -5 —8 +7
+3 -4 -1 +2 +7 +8 -5 -6

+4 +3 -2 -1 +8 -7 +6 -5
(2.2) +5 —6 —7 —8 —-1 +2 +3 +4
+6 +5 -8 +7 -2 -1 -4 +3
+7 +8 +5 -6 -3 +4 -1 -2.
L+8 -7 46 +5 —4 -3 +2 -1l

Let M; and M, be intercalate matrices of types (r,s1,m1) and (r, sg, ng)
respectively, with no colors in common. Then the matrix [ M; M;] is also
intercalate, of type (r,51 + s, n1 + ng). If My and M, are each consistently
signed, then so is M. Consequently, given [r, 51,711z and [r, sg, nglz formulae,
one obtains an [r, s; + s2,n1 + nglz. We summarize this by writing

(2.3) [r,s1,n1lz @ [, s2,n2lz = [, 51 + 59,71 + nalz.

Likewise, two consistently signed intercalate matrices of types (ry, s,n;) and
(rg, s, n2), containing no common colors, can be combined “vertically” to yield
a consistently signed intercalate matrix of type (r; + rg,5,n1 + ng). This we
shall summarize by writing

(2.4) [r1,8,m1lz & [re, s,n2lz = [r1 + 72, 5,11 + n2lz.

For a positive integer k, we shall interpret k[r, s, nlz either as [r, ks, knlz or
[kr, s, knlz, as appropriate.
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3. Dyadic intercalate matrices

It is easy to show ([Y3,Proposition 1.2]) that every intercalate matrix of
type (n,n,n) must have n = 2* for some integer ¢, and is equivalent, up to
permutation of rows and columns, and relabelling of colors, to the matrix D,
defined inductively by

_ D, 2t + D, _
(3.1) Dt+1—(2t+Dt D, >, Dy =(1).

Here, we think of D, as a matrix of integers, and obtain 2¢ + D; by adding 2*
to each entry of D;. Note that if r,s < 2!, the r x s submatrix in the upper
left corner of D, is independent of ¢, and shall be denoted by D, ;. Thus, for
example, forn = 2t, D,, , = D;. The intercalate matrices D; play an important
role in the construction of [r, s, n]z formulae.

One can think of D; as the addition table of an elementary abelian 2—group.
Let N be the set of positive integers. For each n € N, n — 1 is uniquely a finite
sum of distinct powers of 2. Let I(n) be the finite set of nonnegative integers
satisfying

(3.2) n—1= Z 2t

i€l(n)

We shall call I(n) the dyadic set of n. Note that I(1) = @, the empty set. The
relation
ItmBn) = I (m)\ I(n)) U M)\ I(m))

defines a binary operation H on N that makes it into an abelian group with
identity 1. This is an elementary abelian 2—group since n Hn = 1 for each
n € N. Note that

(3.3) mBn=m+n—1 ifandonlyif I(m)NI(n)=70.

Conventional notations like * and o (see (3.4) below) being adopted in the
present paper in the cardinal sense for enumeration purposes, we choose H for
the binary operation on N to reflect the ordinal aspect, the positions of colors
in a standard intercalate matrix. The group structure on N is isomorphic to
the infinite direct sum Zs @ Zs @ - - -, with addition of nonnegative integers in
binary expansions without “carry over”. We have shifted the integers by one
unit to avoid using 0 as a color in an intercalate matrix. More importantly, this
allows for elegant expressions for the numbers of colors in standard intercalate
matrices. (See Proposition 7 below).

LEMMA (4). (@) 2*hBE-1)+1=0C*h-1D+1DHBER%(k-1)+1).
(b) If k < 2% then forany h, 2°h+k=(2%h+ 1)HBE.
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For a, b € N, denote [a,b] = {j € N: a < j < b}. For each integer t > 0, the
subset [1, 2] is a subgroup with addition table D;:

Di(m;n)=mHBn forl<m,n <2

More generally, D,. ; can be regarded as the addition table of the subsets [1, 7]
and [1, s], and we shall call this the dyadic intercalate mairix of order r x s.
Denote by r o s the number of distinct colors in the intercalate matrix D, , i.e.
ros =n(D, ). It is easy to see that this can be determined recursively from

(3.4) ros=sor, los=s,
ros— 20l +ro(s—2t71), r<2t-lcs,
2t 2t-1 < r s < 28

The number r o s has also appeared in the work of A.Pfister on products
of sums of squares in an arbitrary field of characteristic not 2. Let F’ be one
such field. For each integer n, consider

Dg(n) = {a € F\ {0} : ais a sum of n squares in F'}.
Pfister [P] has established the following elegant theorem.

THEOREM (5). (Pfister) Dg(r)Dgp(s) = Dp(r o s).

There is an interesting relationship between the numbers ros and binomial
coefficients. We recall a beautiful lemma discovered by E. Lucas in the
nineteenth century, for the determination of the parity of binomial coefficients.
" See, for examples, [F] or [SE, Chapter I, Lemma 2.6]. Let n and m be given
integers, say each smaller than 2¢*1. Write n = °!_, n;2* for unique integers
n; = 0 or 1in the range 0 < i < ¢. Similarly, write m = 3__, m;2¢. Then,

n i T
(m) = g (mz> (mod 2).

Here, we interpret (3) = 0. In terms of dyadic sets, we have
(3.5) (Z) =1 (mod2) ifandonlyif I(m+1)CI(n+1).

LEMMA (6). An integer n + 1 appears in D, , if and only if there exists an
integer j in the range n — r < j < s satisfying (;‘) =1 (mod 2).

Proof Supposen+1=hBkforl<h<r 1<k<s. Define integers b’
and k' by
I(W) = I(h) \ I(k), I(k") = I(k) \ I(h).
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Note that A’ < hand ¥’ < k, and that A’ BLk" = n + 1 since I(K' B k') =
I(hB k) = I(n + 1). Furthermore, since I(h') N I(k’) = @, we have, by (3.3),
n+l=hBk =h+k"—1and

n+D-1=G -1+ &% —-1), with Ik)CIn+1).

By the Lucas lemma, (" ;) =1 (mod 2), and k¥’ — 1is in the range indicated
in the statement of the proposition since

n—r<n—-h<h+1)-~"=K-1<k <k<s.

Conversely, suppose there is an integer j in the range n — r < j < s such
that the binomial coefficient (?) is odd. This means that I( + 1) C I(n + 1),
and I(n—j7+1)NIG+ 1) =0. From (3.3),

n+l=Mnm—3FJ+D+G+D-1=Mn—7+1DBEG+1)ell,r]BHI[Ls].
This completes the proof of the lemma. I

By a classic theorem of Hopf and Stiefel, the existence of an [r, s, n] formula
(with real coefficients) requires that

(3.6) (?) =0 (mod2)forn—r<j<s.
See, for example, [L.3,p.175]. We shall, for convenience, refer to (3.6) as the
Hopf-Stiefel condition. It is clear that if (r,s,n) satisfies the Hopf-Stiefel
condition, then so does (r,s,m) for any m > n. The following corollary is
immediate.

ProposiTION (7). () [1,r1HI[1,s] =[1,r o s].
(i) For given integers r and s, T o s is the smallest integer n for which the
triple (r, s,n) satisfies the Hopf-Stiefel condition.

Yuzvinsky [Yuz1] has conjectured that every intercalate matrix of order r x s
contains at least r o s colors. This conjecture, to the best of our knowledge,
has hitherto been unresolved.

PROPOSITION (8). Ifthereisan [r,s,r o slz formula, then r xz s =ro0s.

Proof Theexistenceofan [r, s, r o s]z formula of course means that r+zs <
r o 5. On the other hand, the triple (r, s, r *z s) must satisfy the Hopf-Stiefel
condition, and r *z s > r o s by Proposition 7(ii). 1
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THEOREM (9). Forr<9ors<9,r*zps=ros.

Proof. First of all, note that the intercalate matrix Dy 16 can be signed
consistently, for example, as in (6.3) below. Let t > 4 be an integer. The
intercalate matrix Dg»: can be regarded, in an obvious sense, as the direct
sum of 2t=* copies of Dy 16, each of which can be signed consistently. It follows
that Dgo: can be signed consistently, (even allowing ¢ < 3). Given » < 9
and an arbitrary s, by choosing t satisfying s < 2%, the intercalate matrix
D, s, regarded as a submatrix of Dy o, gives a formula of type [, s,7 o slz. By
Proposition 8, r %z s = r o s for r < 9. The same equality holds for s < 9 by
the symmetry of the functions r xz sand r o s. §

4. Formulae of the Hurwitz-Radon types

It is well known that given a positive integer n = 2¢(2¢ + 1), the largest
positive integer r for the existence of an [r, n, n] formula (with real coefficients)
is given by the Hurwitz-Radon number

2t+1, t=0 (mod4),
4.1) p(n) = < 2t, t=1,2 (mod 4),
2t+2, t=3 (mod 4).

See, for example, [S1,52]. If we write t = 4a + b,0 < b < 3, then there is an
alternative expression

(4.2) p(n) = 8a + 2°.

. Since the classical works of Hurwitz [H] and Radon [R], many authors have

written down different [p(n), n, nlz formulae in the form of matrices satisfying
the Hurwitz-Radon equations. See, for examples, Wong [W], Zvengrowski [Z],
Lam [L1], Geramita and Pullman [GP], Shapiro [S1], Yuzvinsky [Yuzl], Lam
and Yiu [LY1]. All these involves only matrices with entries 0, £1. In other
words, these all give formulae of type [p(n), n,nlz. We shall call a [p(n),n,nlz
formula one of the Hurwitz-Radon type. These formulae, however, exhibit
different combinatorial structures. For example, a certain [r, s, nlz formula
may arise as a restriction of one formula of the Hurwitz-Radon type, but
not necessarily from another. We shall outline two constructions of Hurwitz-
Radon type formulae by appropriately signing selected rows of the intercalate
matrix D;.

The first construction is due to Yuzvinsky [Yuz2], with correction by Lam
and Smith [LS]. This can indeed be traced back to Eckmann [E]. Using the
dyadic sets introduced in (3.2), we define the following functions.

L°(k) =Card{j e I(k): =1 (mod 2)},
Lé(k) =Card{j € I(k): j =0 (mod 2)}.
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Also, for each integer ¢, let

Li(k) =Card{j € I(k) : j <1},
R;(k) =Card{j € I(k) : j > i}.

THEOREM (10). ([Yuz2, LS]) Let ¢ be a positive integer. Depending on the
value of t (mod 4), a [p(2?),2¢, 2tz formula can be constructed by signing the
rows of the intercalate matrix Dy indicated in the following table, and endowing
the entry in the h*" row and the k" column with the sign (—1)*"*) where X is
the function appearing in the rightmost column of the table.

Rowh t=0 1 2 3 (mod4) Ah, k)

1 v v v Y 0
2+1,0<i<t—-1 VARV L;(k)
20+2,1<i<t—2 v v v/ R;(k)

2t-1 42 v v Y Ry_1(k) = e;,_1(k)

2t-1 -1 v Le(k) + e;_1(k)
gt-1 v 1+ Lo(k) + e,—1(k)
2t -1 v Le(k)

2t v 1+ Lo(k)

For ¢ = 5, for example, the above construction yields the following formula
of type [10, 32, 32]z:

r+1 +2 +3 +4 +5 +6 +7 +8 +9 +10 +11 +12 +13 +14 +15
+2 -1 +4 -3 +6 -5 +8 -7 +10 -9 +12 —11 +14 —13 +16
+3 -4 -1 +2 +7 -8 -5 +6 +11 —-12 -9 +10 +15 —16 —13
+4 +3 -2 -1 -8 -7 +6 +5 +12 +11 —-10 -9 —-16 —15 +14
(4.3) +5 -6 -7 +8 -1 +2 +3 —4 +13 —14 —15 +16 -9 +10 +11
+6 +5 +8 +7 -2 -1 -4 -3 —-14 -13 —-16 —15 +10 +9 +12
+9 -10 —-11 +12 -13 +14 +15 —-16 -1 +2 +3 -4 +5 —6 -7
+10 +9 +12 +11 +14 +13 +16 +156 -2 -1 -4 -3 -6 -5 -8
+17 —-18 —19 +20 —-21 +22 +23 —24 —-25 +26 +27 —28 +29 —-30 -31
L+18 +17 +20 +19 +22 +21 +24 +23 +26 +25 +28 +27 +30 +29 +32

+16 +17 +18 +19 +20 +21 +22 +23 +24 +25 +26 +27 +28 +29 +30 +31 +327
—15 +18 —17 +20 —-19 +22 —21 +24 —-23 +26 —25 +28 —27 +30 —29 +32 -31
+14 +19 —-20 —17 +18 +23 —24 —21 +22 +27 -28 -25 +26 +31 —32 —29 +30
+13 —20 —19 +18 +17 +24 +23 —22 —21 +28 +27 —26 —25 —32 —31 +30 +29
—-12 +21 —22 —23 +24 —17 +18 +19 —20 +29 —30 —31 +32 —25 +26 +27 —28
+11 —22 —21 —24 —-23 +18 +17 +20 +19 +30 +29 +32 +31 —-26 —25 —-28 —27
+8 +25 —26 —27 +28 —29 +30 +31 —-32 —17 +18 +19 —20 +21 —-22 —23 +24
-7 —26 —-25 —28 —27 -30 —29 —32 —-31 +18 +17 +20 +19 +22 +21 +24 +23
+32 -1 +2 43 -4 +5 -6 -7 +8 +9 -10 -11 +12 —13 +14 +15 —16
+31 -2 -1 -4 -3 -6 -b -8 -7 -10 -9 -12 -11 —-14 —13 —16 —154

REMARK (11). Observe that by deleting the 10 columns in (4.3) containing
the colors 31 and 32, we obtain a (10, 22, 30) consistently signed. Further
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deleting the columns that contain also colors 29 and 30, we obtain a con-
sistently signed (10, 16,28). Note that these explain the entries (10;16) in
Theorem (1) and (10; 22) in Theorem (2).

REMARK 12. Yuzvinsky [Yuz2], Lam and Smith [LS] have modified the
above [10, 32, 32]z formula into a [12, 20, 32]z by appending two extra rows
and deleting 12 columns to allow a consistent signing, as shown in (4.4) below.
This explains the entry (12;20) in Theorem (2). Note that by deleting in (4.4)
the 6 columns containing colors 23, 24, one obtains a [12, 14, 30]z formula,
explaining the entries (12; 14) and (14; 12) of Theorem (1).

r+1 +2 +3 +4 +5 +6 +9 +10 +15 +16 +17 +18 +23 +24
+2 -1 +4 -3 +6 -5 +10 -9 +16 —15 +18 —17 +24 —23
+3 -4 -1 +2 +7 -8 +11 —-12 -13 +14 +19 —-20 —21 +22
+4 +3 -2 -1 -8 -7 +12 +11 +14 +13 -20 -19 —-22 21
+5 -6 -7 +8 -1 +2 +13 -14 +11 —-12 +21 -22 +19 —20
(4.4) +6 +5 +8 +7 -2 -1 -14 -13 +12 +11 —-22 —-21 +20 +19
+9 -—-10 —-11 +12 -13 +14 -1 +2 -7 +8 +25 —26 +31 —32
+10 +9 +12 +11 +14 +13 -2 -1 -8 -7 -26 256 —-32 -31
+17 -18 —19 +20 —-21 +22 —-25 +26 —-31 +32 -1 +2 -7 +8
+18 +17 +20 +19 +22 +21 +26 +256 +32 +31 -2 -1 -8 -7
+31 —32 +29 —-30 -—-27 +28 +23 —24 +17 —-18 -15 +16 -9 +10
L +32 +31 —30 —29 +28 +27 —24 —-23 —-18 ~17 +16 +15 +10 +9

+27 +28 +29 +30 +31 +32q
+28 27 +30 -29 +32 -31
-25 +26 +31 —-32 —-29 +30
—-26 —25 —32 —-31 +30 +29
—-31 +32 —-25 +26 +27 -—28
+32 +31 —26 —-25 —-28 -—27
+19 —-20 +21 —-22 —-23 +24
+20 +19 +22 +21 +24 +23
—-11 +12 —-13 +14 +15 -—16
-12 —-11 -14 —-13 -16 —15
+5 -6 -3 +4 -1 +2
-6 -5 +4 +3 -2 —14

5. A doubling construction

Let an [r, s, n]lz formula be represented by an intercalate matrix M of type
(r, s,n), consistently signed, say with colors cy, cg, . . ., c,. Lam and Smith [LS]
have discovered a simple construction leading to an [r + 1, 2s,2n]z formula.
Take an identical copy of M, and obtain another intercalate matrix M’ of
type (r, s,n) by (i) replacing each color ¢;,1 < 7 < n by a new color ¢}, and
(ii) changing the sign of each entry except those on the first row. Now to the
rx2smatrix[ M M'], append a new row consisting of the s colors of the first
row of M’, with the same signs, followed by the s colors in the first row of M
with signs reversed. In this way, one obtains a consistently signed intercalate



488 TARA L. SMITH AND PAUL YIU

matrix of type (r + 1,2s,2n). We shall call this the doubling construction and
write

(5.1) [r + 1,2s,2nlz = Blr, s, nlz.

For example, the doubling construction on the [8, 8, 8]z formula given by (2.2)
leads to a [9, 16, 16]z, which we display in (6.3) below.

By interchanging the roles of r and s, we also obtain a formula of type
[2r,s + 1,2n]z:

5.2) (27,5 + 1,2n]z = D'[r,s,nlz

Adem [A1] has constructed formulae of types [17, 18, 32]z and [18, 17, 32]7
by applying these constructions:

(5.3) [17,18,32]z = D(D'[8, 8, 8]z).
[18,17,32]z = 9'(D[8, 8, 817).

We shall make frequent use of these constructions in the balance of this paper.

6. Another construction of formulae of the Hurwitz-Radon types

Fort=4a +b,0 < b < 3, let S; be the set consisting of the integers

i 1<i<09,
-1
9+8> 16/ +i-16/, 1<i<8,1<I<a-1,
j=1
a—1
9+8) 167 +i-16°, 1<i<2'—1.
7=1

Note that S, contains precisely p(2¢) = 8a + 2° integers. For example,
(6.2) S5 = [1,9] U {25}.
THEOREM (13). The submatrix of Dy = Do o¢ consisting of rows h,h € S,

can be signed consistently to give a formula of type [p(2}), 2t, 2t]z.

We shall only indicate the signing of the matrix. A detailed analysis can
be found in [Y1]. Such an analysis would also demonstrate that the doubling
construction explained in Section 5 can be understood in the more general
context of formulae with real coefficients.
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For ¢ < 3, the intercalate matrix in question is signed according to (2.2).
For ¢t = 4, S, = [1,9]. We perform the doubling construction to the [8, 8, 8];
formula and obtain the following [9, 16, 16]z:

(6.3)

[+1 +2 +3 +4 +5 +6 +7 +8 +9 +10 +11 +12 +13 +14 +15 +167]
+2 -1 +4 -3 +6 -5 -8 +7 —-10 +9 -12 +11 —-14 +13 +16 —15
+3 —4 -1 +2 +7 +8 -5 -6 -11 +12 +9 -10 —-15 —-16 +13 +14
+4 +3 -2 -1 +8 -7 +6 -5 -12 —-11 +10 +9 -16 +15 —14 +13
+5 -6 -7 -8 -1 +2 +3 +4 -13 +14 +15 +16 +9 -10 —-11 —12
+6 +5 -8 +7 -2 -1 -4 +3 -14 —13 +16 —-15 +10 +9 +12 —11
+7 +8 +5 -6 -3 +4 -1 -2 -15 -16 —13 +14 +11 -12 +9 +10
+8 -7 +6 +56 -4 -3 +2 -1 -16 +15 —-14 ~13 +12 +11 —-10 +9
+9 +10 +11 +12 +13 +14 +15 +16 -1 -2 -3 -4 -5 -6 -7 -8 ]

For1 < h<9and1 < k < 16, denote by ¢ ; the sign = +1 in the (h; k)
entry of (6.3). For ¢ > 5, we sign the rows of D, specified by S; in (6.1) as
follows. :

(1) The signs along the first row are all +1.

(2) Foreachi=2,...,9, repeat the sequence of 16 signs in row 3 of (6.3) 2!—4
times to form a string of 2¢ signs.

(8) Foreachl = 1,...,a~1, i =1,...,8, construct a sequence of 16:*1
signs as follows: for each 1 < j < 16, the j** block consists of 16 signs,
each equal to €;.1 ;. Repeat this block 2¢~4(*1 times to form a string of
2t signs for row 9 + 8 Zz;} 167 + i - 16%.

(4) Foreachi =1,...,2°—1, and for the row 9 + 8 E;:ll 167 +-16°, form a
string of 2° blocks of signs, each block of length 162, the signs in the ;"
block, j = 1,...,2% being all €;4 ;.

7. Construction of formulae realizing the data of Theorem (1)

We construct [r, s,nl]z formulae realizing the data in Theorem (1). The
more difficult task of justifying that these data give the precise values of 7 *z s
in the range 10 < r,s < 16 requires a detailed analysis of the structure of
intercalate matrices, and can be found in [Y5]. We shall be content with a few
remarks. This analysis is based on the recognition that intercalate matrices of
certain partition patterns cannot be signed consistently. Essential use is also
made of the notion of hidden formulae discovered in the general context of
quadratic forms between euclidean spheres. [Y2,LY2]. It is also interesting to
point out that these data are not analyzed individually, but are rather treated
simultaneously.

7A. As remarked before, 10 7 10 = 16 is well known. (7.1) is below is
a consistent signing of Dig 10, giving 10 *z 10 < 16. Equality follows from
Proposition 8 since 10 0 10 = 16.
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r+1 +2 +3 +4 +5 +6 +7 +8 +9 +101
+2 -1 +4 -3 +6 -5 -8 +7 +10 -9
+3 -4 -1 +2 +7 +8 -5 -6 +11 +12
+4 +3 -2 -1 +8 -7 +6 -5 +12 -11

(7.1) +% -6 -7 -8 -1 +2 +3 +4 +13 +14
+6 +5 -8 +7 -2 -1 -4 +3 +14 -13
+7 +8 +5 -6 -3 +4 -1 -2 +15 -16
+8 -7 +6 +5 -4 -3 +2 -1 +16 +15
+9 -10 -1 -12 -13 -—-14 -15 —-16 -1 +2

L+10 +9 -12 +11 -14 +13 +16 -15 -2 -1 d

7B. Consider the [10, 32,32]z formula constructed in Theorem (13), by
signing consistently the rows of D5 = Dagg 32 specified by S5 in (6.2). For
each k = 1,2,...,8, by deleting the (8 + 2k) columns 17— %,...,16,17,...,24
and 33 — k,...32, we obtain a signed intercalate matrix of type (10,24 —
2k, 32 — k) with the k colors 25 — k,...,24 deleted. This gives a formula of
type [10,24 — 2k, 32 — k]z. With k = 5,4, 3 respectively, this explains entries
(10; 14),(10; 16) in Theorem (1), and entry (10; 18) in Theorem (2). Note that
this construction only yields a [10,22,31]z formula (with £ = 1). We have,
however, a [10, 22, 30]z as explained in Remark 11.

7C. There is a [12, 12, 26]; formula which was known to T.Kirkman in the
1840’s. We present this by signing the (12,12, 26) in (7.2) below. This matrix
contains two obvious submatrices of type (10, 10, 16), which we sign asin (7.1),
with obvious relabelling of colors. It is then an easy matter to sign colors 25,26
consistently.

r+1 +2 +3 +4 +5 +6 +7 +8 +9 +10 +17 +18~
+2 -1 +4 -3 +6 -5 -8 +7 +10 -9 +18 -17
+3 -4 -1 +2 +7 +8 -5 -6 +11 +12 +19 +20 |
+4 +3 -2 -1 +8 -7 +6 -5 +12 -11 +20 -19
+5 -6 -7 -8 -1 +2 +3 +4 +13 +14 +21 +22
(7.2) +6 +5 -8 +7 -2 -1 -4 +3 +14 -—-13 +22 -21
: +7 +8 +5 -6 -3 +4 -1 -2 +15 —-16 +23 -24
+8 -7 +6 +5 -4 -3 +2 -1 +16 +15 +24 +23
+9 -10 -11 -12 -13 -14 -15 -16 - -1 +2 +25 +26
+10 +9 -12 +11 -14 +13 +16 -15 -2 -1 +26 -25
+17 -18 -19 -20 -21 —-22 -23 -24 -25 -26 -1 +2
L+18 +17 -20 +19 -22 +21 +24 -23 -26 +25 -2 —14

7D. In (7.3) below, we present a consistently signed (11,18, 32). Here, the
signing of the (9, 16, 16) obtained by deleting the bottom 2 rows and columns
9, 10 follows (6.3). On the other hand, the signing of the (10, 10, 16) formed
by the first 10 columns and by deleting row 9 follows that of Djg 10 in (7.1),
by relabelling colors 9,10,...,16 by colors 17,18,...,24 respectively. Note
that the signing of Dg g in both cases agree. Now, it is an easy matter to sign
the remaining colors 25,26, ..., 32 consistently. For 11 < s < 16, the first s
columns contain exactly 24 + 2 o (s — 10) colors, precisely the (11; s) entry of
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the table in Theorem (1).

(7.3)
f+1 +2 +3 +4 +5 +6 +7 +8 +17 +18 +9 +10 +11 +12 +13 +14 +15 +16
+2 -1 +4 -3 +6 —5 -8 +7 +18 —17 +10 —9 —12 +11 —14 +13 +16 —15
+3 —4 -1 +2 +7 +8 -5 -6 +19 +20 +11 +12 -9 —10 —15 —16 +13 +14
+4 +3 -2 -1 +8 -7 +6 —5 +20 —19 +12 —11 +10 -9 —16 +15 —14 +13
+5 -6 —7 —8 -1 +2 +3 +4 +21 +22 +13 +14 +15 +16 —9 —10 —11 —12
+6 +5 -8 +7 -2 -1 —4 +3 +22 —21 +14 —13 +16 —15 +10 —9 +12 —11
+7 +8 +5 -6 -3 +4 -1 -2 +23 —24 +15 —16 —13 +14 +11 —12 —9 +10
+8 -7 +6 +5 -4 -3 +2 -1 +24 +23 +16 +15 —14 —13 +12 +11 —10 —9
+9 -—10 -11 —12 —-13 —14 ~15 —16 —25 —26 —1 +2 +3 +4 +5 +6 +7 +8
+17 —18 —19 —20 —21 —22 —23 —24 -1 +2 +25 +26 +27 +28 +29 +30 +31 +32
L+18 +17 —20 +19 —22 +21 +24 —23 —2 —1 +26 —25 +28 —27 +30 —29 +32 —31 |

7E. Consider the [18,17, 32]; constructed in (5.3). Deleting the bottom
row and moving the rightmost column to the middle of the matrix, we obtain
the consistently signed (17,17,32) in (7.4) below. For 12 < r,5 < 186, the
r x s submatrix in the upper left corner contains exactly 24 + (r —9) o (s — 9)
colors. This is precisely the (r; s) entry in Theorem (1), except for (r;s) =
(12;12), (12;14) and (14;12).

(7.4)

r+1 +2 +3 +4 +5 +6 +7 +8 +17 +9 +10 +11 +12 +13 +14 +15 +16
+2 -1 +4 -3 +6 -5 -8 +7 +18 —10 +9 -—12 +11 —14 +13 +16 —15

+3 —4 -1 +2 +7 +8 -5 —6 +19 —11 +12 +9 —10 —15 —16 +13 +14

+4 +3 -2 -1 +8 ~—~7 +6 —5 +20 —12 —11 +10 +9 —16 +15 —14 +13

+5 -6 -7 -8 -1 +2 +3 +4 +21 —13 +14 +15 +16 +9 —10 —11 —12

+6 +5 -8 +7 -2 -1 —4 +3 +22 —14 —13 +16 —15 +10 +9 +12 —11
+7 +8 +5 —6 -3 +4 -1 -2 +23 —15 —16 —13 +14 +11 —12 +9 +10

+8 -7 +6 +5 —4 -3 +2 ~1 +24 —16 +15 —14 —13 +12 +11 —10 +9

+9 +10 +11 +12 +13 +14 +15 +16 +25 -1 -2 -3 —4 -5 —6 -7 -8

+17 —18 —19 —20 -21 —22 —23 —24 —1 —25 —26 —27 —28 —29 —30 —31 —32
+18 +17 —20 +19 —22 +21 +24 —23 —2 +26 —25 +28 —27 +30 —29 —32 +31

+19 +20 +17 -18 —23 —24 +21 +22 -3 +27 —28 —25 +26 +31 +32 —29 —30
+20 —19 +18 +17 —24 +23 —22 +21 —4 +28 +27 —26 —25 +32 —31 +30 —29
+21 +22 +23 +24 +17 —18 —19 —20 —5 +29 —30 —31 —32 —25 +26 +27 +28

+22 —21 +24 —23 +18 +17 +20 —-19 —6 +30 +29 —32 +31 —26 —25 —28 +27
+23 —24 —21 +22 +19 —20 +17 +18 —7 +31 +32 +29 —30 —27 +28 —25 —26
L+24 +23 —22 —21 +20 +19 —18 +17 —8 +32 —31 +30 +29 —28 —27 +26 —25-

7F. The construction of [r, s, n]z formulae realizing the data in Theorem (1)
isnow complete by noting that we have indeed constructed a[12, 12, 26]z in 7C,
and [12, 14, 301z, [14, 12, 30]7 in Remark 12. For an alternative construction
of a [12, 14,301z, see [Y5].

8. Construction of [12,32,52]z

Recall the construction of formulae of the Hurwitz-Radon types in The-
orem (10). For ¢t = 6, we obtain a [12,64,64] formula by consistently
signing the intercalate matrix M consisting of the following rows of Dg4 g4:



492 TARA L. SMITH AND PAUL YIU

1,2,3,4,5,6,9,10,17,18, 33, 34. The signing of this matrix being consistent
when restricted to any of its submatrices, we shall disregard the signs and fo-
cus on the enumeration of colors in the submatrices of M. This intercalate ma-
trix M admits an obvious contraction by 2 x 2 matrices into M’ ® (2, 2, 2), (see
[Y3]), where M’ can be taken to be the matrix consisting of rows 1,2, 3,5,9, 17
of D3g 30. In this intercalate matrix M’, the colors 16, 24, 28, 30, 31, 32 appear
in a totality of 16 columns. By deleting these 16 columns one obtains the
following (6, 16, 26):

1 2 3 4 5 6 7 9 10 11 13 17 18 19 21 257
2 1 4 3 6 5 8 10 9 12 14 18 17 20 22 26
3 4 1 2 7 8 5 11 12 9 15 19 20 17 23 27
5 6 7 8 1 2 3 13 14 15 9 21 22 23 17 29
9 10 11 12 13 14 156 1 2 3 &5 256 26 27 29 17
17 18 19 20 21 22 23 25 26 27 29 1 2 3 5 9

This shows that M contains a submatrix of type (12,32, 52), explaining the
entry (12; 32) in Theorem (2). We remark that similar restrictions of M yield
formulae of types [12, 34,561z, [12, 38, 58]z, [12,44, 6017 and [12, 52, 62]7.

9. Proof of Theorem (2}

Theorem (2) is established by an explicit construction, for each entry with
a bullet, a formula of the type indicated by the entry. We shall freely make
use of (optimal) formulae of type [r,s,nlz for r,s < 16, given by Theorem
(1), explicitly constructed in Theorem (13) and Section 7. These formulae all
have integer coefficients. For convenience, we shall write [r, s,n] in place of
[r,s,nlz.

(1) [10,18,29] has been constructed in Section 7B.

(2) [10,22,30] is explained in Remark 11.

(3) [10,32,32] is of the Hurwitz-Radon type.

(4) [11,25,46]=[11,16,30] @ [11,9, 16].

(5) [12,20,32] is explained in Remark 12.

(6) [12,21,42]=1[12,12,26] ¢ [12,9, 16].

(7) 12,20 + £,32 + (12 x5 k)] = [12,20,32] & [12,k,12 %z k]. For k = 4,9,
this gives [12,24,44]z and [12, 29, 48] respectively.

(8) [12, 32,52] has been constructed in Section 8.

(9) [13,13 + 9k, 28 + 16k] = [13,13,28] @ k[13,9, 16] for k = 1, 2. This gives
[13,22,44] and [13, 31, 60].

(10) [14, s+ 9k, (14 %z s) + 16k] = [14, 5, 14 %7 s]1 © k[14,9, 16] for s = 10,11, 12
and k = 1,2. This gives [14,19,43], [14,20,44], [14,21, 46], [14,28,59],
[14,29, 60], and [14, 30, 62].

(11) [16,19,44]=1[16,10,281 ¢ [16,9, 16].

(12) [16,20,46]=[16,11,30] & [16,9,16].

(13) [16,18 + k,32 + (16 *7 k)1 = [16,18,32] ® [16, k, 16 +z k] for k = 9,10, 11.
This gives [16,27, 48], [16, 28, 60] and [16, 29, 62].
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[17,18, 32] has been constructed by Adem [A1], see (5.3).

[17,5,30 + s] = [17,18,32] @ ([16,s — 18,16] &' [1,5 — 18,5 — 18]) for
19 <s<27.

[17,28,61] =[17,18,32] & [17, 10, 29].

[18,17 + k,48 + (20 k)] = [18,17,32] & ([16,%,16] &' [2,k,2 o k]) for
1 < k < 9. In particular, this gives [18,19, 501, [18,21,52], [18,23, 54],
[18,25,56] and [18, 26, 58]. ' '

[18,27,61] =[18,17,32] & [18,10, 29].

[19,21,59] =[10,21,30] &' [9,21, 29].

[20,20,56] = [12, 20, 32] &' [8, 20, 24].

[20,23,60] = 9'[10, 22, 30].

[20, 32,64] = 2[10, 32, 32]. In fact, there is [20, 33, 64] = 9'[10, 32, 32].
[21,24,64] = $[20, 12, 32].

[r,25,r+54] = [r,8,24]([18, 17,3218/ ([r—18, 16, 16]d[r—18,1,7—18]))
for 21 <r < 24,

[17+h,26,72+(20h)] = [17+h,8,24]d([17, 18, 32]®[h, 18,16+ (20R)]) for
1 < h < 7. For h =4,6, this gives [21, 26, 76] and [23, 26, 78] respectively.
[22,29,80] = ([12,20,32] & [12,9, 16]) &’ [10,29, 32].

[22,32,84] =[12,32,52] & [10, 32, 32].

[23, 28,84] = [23, 8,24] & %[22, 10, 301.

[23, 31,92] =[13, 31,60] &' [10, 31, 32].

[24,24,72] = 3[8, 24, 24].

[24,29,88] = [24, 8,24] @ @'[12, 20, 32].

[24,30,94] = [14, 30,62] ¢’ [10, 30, 32].

[17+h,28,80+(20h)] = [17+h, 10,32]®([17,18,32]¢'[h, 18,16+ (20hR)])
for h = 8,9. This gives [25, 28, 88] and [26, 28, 90].

[26,27,80] = 3[16,9, 16] &' [10, 27, 32]. :

[26,29,94] = [16,29,62] &' [10, 29, 32].

[27,27,89] = [17,27,57] &' [10, 27, 32]

[27,28,93] = [17,28,61] @' [10, 28, 32].

[30,32,96] = 3[10, 32, 32].

[32,32,116] = [12,32,52] @' [20, 32, 64].

This completes the justification of the data of Theorem (2). The fact that
those entries with asterisks give precise values of r*z s follows from Proposition

(8.

10. Comparison with previous upper bounds

Adem [A1l] has constructed a number of [r, s,n]z formulae arising from
the restriction of the multiplication of the Cayley-Dickson algebras. In the
range considered in Theorem (2), the following entries gives better upper
bounds the r xz s than Adem: (13;24) by 4, (14;26) by 8, (19;20) by 2, (22; 23)
by 14, (23;23) by 22, (23;24) by 24, (25;26) by 24, (27,28) by 19. For the
entries (21;22), (18;19), (19;19), Adem obtained the same upper bounds as
in Theorem (2). Formulae of types [21,24, 64], [24,29,88], [24,24,72] and
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[30,32,96] can also be found in [LS]. We conclude with a comparison of the
upper bounds of r *xz 7, 18 < r < 32, obtained in [A1],[LS], and Theorem (2).

18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
[Al] 50 56 64 64 86 94 104 104 112 112 128 128 128 128 128
[LS] 50 56 60 64 72 72 72 92 92 96 96 96 96 120 128
New 50 56 56 64 72 72 72 80 80 89 96 96 96 116 116

The authors would like to thank the referee for his many suggestions on
improvement of the presentation of this paper.
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